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A SPECTRAHEDRAL REPRESENTATION FOR POLAR
ORBITOPES
TIM KOBERT
Abstract. Let G be a Lie group with real semisimple Lie algebra g. Further
let g = k ⊕ p be a Cartan decomposition. The maximal compact subgroup
K ⊆ G acts on p via the adjoint representation and the convex hulls of the
resulting orbits are the polar orbitopes. We prove that every polar orbitope
is a spectrahedron by giving an explicit representation. In addition we give a
new proof for the fact that the faces of a polar orbitope are, up to conjugation,
given by the faces of the momentum polytope.
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Introduction
A finite dimensional representation ϕ : K −→ Aut(V ) of a group K is polar if
V is equipped with a K-invariant inner product and if there exists a subspace of
V which intersects every K-orbit of V orthogonally. A polar orbitope is the convex
hull of a K-orbit in a polar representation of a compact groupK. Given a Lie group
G with real semisimple Lie algebra g, there is a Cartan decomposition g = k ⊕ p,
where k is the 1-eigenspace and p the −1-eigenspace of the corresponding Cartan
involution. Let K be the analytical subgroup of G which corresponds to the lie
algebra k. Then K is a maximal compact subgroup of G and acts on p via the
adjoint representation. Such a representation is polar and every polar orbitope is
isomorphic to the convex hull of such a K-orbit on p for some real semisimple Lie
algebra g with Cartan decomposition g = k⊕ p (see [3] Prop. 6).
In [9] R. Sanyal, F. Sottile and B. Sturmfels introduced the notion of orbitopes.
They posed 10 questions about orbitopes and presented results regarding these
questions. Some examples of polar orbitopes such as the symmetric and skew
symmetric Schur-Horn orbitope were presented and some of the questioned were
answered. In [1] and [2] L. Biliotti, A. Ghigi and P. Heinzner generalized parts of
these results to polar orbitopes in general. They proved that every face of a polar
orbitope is exposed and gave a bijection between the face orbits of a polar orbitope
and its momentum polytope (which is just the image of the given orbitope when
orthogonally projected to a maximal abelian subspace of p).
Our main result is Theorem 1.9 and is discussed in section 1. The Theorem states
that every polar orbitope is spectrahedral. In fact the theorem gives an explicit
spectrahedral description of the orbitope. This representation as a spectrahedron
generalizes [9] Theorem 3.4 for the symmetric Schur-Horn orbitope, Theorem 3.15
for the skewsymmetric Schur-Horn orbitope and Theorem 4.7 for the Fan orbitope.
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Up to K-conjugacy the momentum polytope of a polar orbitope characterizes the
face structure of the polar orbitope completely. This is the main result in [2]. In
section 2 we present a new proof for this correspondence of face orbits.
Acknowledgement. The author thanks C. Scheiderer for many illuminating con-
versations, critical comments and useful remarks.
1. Spectrahedron property
Throughout this article we will use the terminology that is used in [7]. Let G
be a Lie group with real semisimple Lie algebra g. We fix a Cartan decomposition
g = k⊕ p and the compact subgroup K of G with Lie algebra k. The group K acts
on p via the adjoint representation Ad : K −→ Aut(g). Let x ∈ p then the polar
orbitope Ox is given as the convex hull of the K-orbit of x, i.e. Ox := conv(AdK ·x).
An element x ∈ g is real semisimple if adx ∈ End(g) is diagonalizable over R. Let a
be a maximal abelian subspace of p. The Weyl group W =W (g, a) is the quotient
of the normalizer NK(a) = {k ∈ K : Adk(a) ⊆ a} of a in K by the centralizer
ZK(a) = {k ∈ K : Adk|a = ida} of a in K and acts on a via Ad. Then the following
was proved by B. Kostant:
Proposition 1.1 ([8] Prop. 2.4). An element x ∈ g is real semisimple iff it is
conjugate to an element a ∈ a. In that case (AdG · x) ∩ a = (AdK · a) ∩ a = W · a
is a W -orbit.
Since any element in p is K-conjugate to an element in a ([7] Thm. 6.51), the
elements of p are real semisimple. Let gC denote the complexification of g.
Proposition 1.2. For any real semisimple x ∈ g and any finite dimensional com-
plex representation ψ of gC the endomorphism ψx is diagonalizable and has real
eigenvalues.
Proof. Since adx is diagonalizable there is a Cartan subalgebra h
C of gC such that
x ∈ hC. By [7] proposition 5.4 the endomorphism ψ|hC acts diagonalizable on p.
Since x is real semisimple the eigenvalues of adx are real. By [10] Theorem 2 there
is an Iwasawa decomposition g = k′ ⊕ a′ ⊕ n′, such that x ∈ a′ and hC ∩ g = a′ ⊕ t′
for some abelian subalgebra t′ ⊆ k′. (In the notation of [10] the Cartan subalgebra
hC is standard w.r.t. the standard triple (k′, p′, a′), where g = k′ ⊕ p′ is a Cartan
decomposition). Using [7] proposition 5.4 again, we see that the weights take real
values on a′ and in particular on x. 
Combining proposition 1.2 with the fact that elements in p are real semisimple,
we can see that for any finite dimensional complex (meaning V is a complex vec-
torspace) representation ψ : gC −→ End(V ) and any x ∈ p the eigenvalues of ψx
are real.
For any x ∈ p let maxµ(ψx) denote the maximal eigenvalue of ψx. In order to
show that Ox is a spectrahedron we will first proof the following theorem:
Theorem 1.3. For x, y ∈ p the following are equivalent:
(1) y ∈ Ox,
(2) maxµ(ϕy) ≤ maxµ(ϕx) for all fundamental representations ϕ of gC.
Remark 1.4. The fundamental representations of the complexification gC are build-
ing blocks for the irreducible representations. One can describe any irreducible
finite dimensional complex representation of gC as a Cartan product (see e.g. [4])
of finitely many fundamental representations. The maximal eigenvalue of a Cartan
product in a fixed point in p is the sum of maximal eigenvalues of the factors. The
second condition in Theorem 1.3 actually holds for all finite dimensional complex
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representations of gC. In order to find a spectrahedral representation though we
use the fact that there are only finitely many fundamental representations.
Proof. We will prove Theorem 1.3 in 4 steps:
(1) AdK-invariance: Obviously the first condition of Theorem 1.3 is AdK-invariant
in x as well as in y. The same is true for the second condition: Let G˜ be the universal
covering group of G. Let ψ : g −→ End(V ) be a finite dimensional complex
representation. There is a representation Ψ : G˜ −→ Aut(V ) with exp ◦ψ = Ψ ◦ exp.
For k ∈ K, since G = G˜/H for some subgroup H of the centre ZG˜, we can find an
element g ∈ G˜ (gH = k) such that Adk · x = Adg · x. Then
ψAdk·x = ψAdg ·x =
d
dt
(Ψexp tAdg ·x)|t=0 = ΨgψxΨ−1g .
So for any x ∈ p the eigenvalues of ψx and ψAdk·x are the same.
(2) Highest weight gives largest eigenvalue: Since both conditions of Theorem 1.3
are AdK-invariant in x as well as in y and since every element in p is K-conjugate
to an element in a we can assume that x, y ∈ a. Let Σ ⊆ a∗ be the set of restricted
roots. We fix an ordering of a∗ and get a set Σ+ of positive restricted roots and
with that a simple system {α1, ..., αk} of the abstract root system Σ of a∗ ([7] p.
118 and Cor. 6.53). The Weyl chambers are the connected components of
a \
⋃
γ∈Σ
{x ∈ a : γ(x) = 0} .
By the AdK-invariance and using the fact that the Weyl group acts transitively on
the Weyl chambers ([6] Thm. 2.12 or implicitely [7] Thm. 2.63), we can choose x
and y to be in the closed Weyl chamber C = {z ∈ a : α1(z) ≥ 0, ..., αk(z) ≥ 0}.
Let t be a maximal abelian subspace of the centralizer Zk(a) = {k ∈ k : [k, a] = 0}.
Then the complexification hC of h := t ⊕ a is a Cartan subalgebra of gC. The
restricted roots Σ are given by the restrictions of the roots ∆ of (gC, hC) that are
non-trivial on a ([7] Prop. 6.47). The roots in ∆ take real values on it ⊕ a. The
system Σ+ of positive restricted roots can be extended to a system ∆+ of positive
roots by choosing a lexicographic ordering on (it ⊕ a)∗ which takes a before it.
The set of positive roots ∆+ determines a simple system {β1, ..., βl} in ∆ which is
nonnegative on C.
Now if λ is the highest weight of some representation ψ : g −→ End(V ) then
by the theorem of the highest weight ([7] Thm. 5.5) every weight of ψ is of the
form λ −∑li=1 niβi with nonnegative integers ni. Since the βi are by definition
nonnegative on C and since the weights are the eigenvalues of ψ, λ(x) is the largest
eigenvalue of ψx for every x ∈ C.
(3) Reduction to the momentum polytope: In order to change the first condition of
Theorem 1.3 we use Kostant’s convexity Theorem:
Theorem 1.5 ([8] Thm. 8.2). Let P : p −→ a be the orthogonal projection with
respect to the inner product that is induced by the Killing form on g. Then for x ∈ a
we have:
P (AdK · x) = conv(W · x).
Kostant’s Theorem connects the polar orbitope Ox to the momentum polytope
Πx := conv(W · x).
Lemma 1.6. For x ∈ a the equation Ox ∩ a = Πx holds.
Proof. By definition W · x ⊆ AdK · x, so we have Πx ⊆ conv(AdK · x) ∩ a. On the
other hand let y ∈ Ox ∩ a. Then by Theorem 1.5 we have y = P (y) ∈ P (Ox) =
conv(P (AdK · x)) = Πx. 
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(4) Final step: Let x1, ..., xn ∈ a be chosen such that 〈xi, ·〉 = αi, where 〈·, ·〉
denotes the inner product on a induced by the Killing form. Let λ1, ..., λk ∈ a∗
be the highest weights of the fundamental representations. The λi are given
by 2 〈λi, αj〉a∗ / |αj |2 = δij where 〈·, ·〉a∗ denotes the inner product on a∗ that
is induced by 〈·, ·〉 and the isomorphism a −→ a∗, z 7→ 〈z, ·〉. Then we have
cone(xi : i = 1, ..., k) = {z ∈ a : λ1(z) ≥ 0, ..., λk(z) ≥ 0}. Kostant proved:
Lemma 1.7 ([8] Lem. 3.3). Let y ∈ C, then y ∈ Πx iff x−y ∈ cone(xi : i = 1, ..., k).
Combining Lemma 1.6 and Lemma 1.7 we see that y ∈ Ox iff λi(x− y) ≥ 0 for
all i = 1, ..., k. Which is equivalent to λi(x) ≥ λi(y) for all i = 1, ..., k. Since the
highest weights give the largest eigenvalue of their representations when evaluated
on C this finishes the proof of Theorem 1.3.

Proposition 1.8. Let g be a real semisimple Lie algebra and let ψ : gC −→ End(V )
be a finite dimensional complex representation. Then there is a hermitian inner
product on V such that for every x ∈ p the endomorphism ψx on V is hermitian.
Proof. The Lie algebra u = k⊕ ip is the compact real form of gC ([7] p. 292). Since
u is compact the complex conjugation with respect to u is a Cartan involution on
the real semisimple Lie algebra (gC)R = u⊕ iu. Since u is compact and semisimple
the simply connected Lie group U belonging to u is compact. Let Ψ : U −→ Aut(V )
be the representation corresponding to the restriction of ψ to u. Further let 〈·, ·〉V
be any hermitian inner product on V . Using the Haar measure we can define a
U -invariant inner product on V :
〈v, w〉U :=
∫
u∈U
〈Ψuv,Ψuw〉V du.
Let x ∈ p. Differentiating the equation 〈Ψetixv,Ψetixw〉U = 〈v, w〉U and evaluating
in t = 0 we get 〈ψixv, w〉U + 〈v, ψixw〉U = 0, which is equivalent to 〈ψxv, w〉U =
〈v, ψxw〉U . So ψx is self-adjoint. 
Using Theorem 1.3 and interpreting ϕz (for representations ϕ : g
C −→ End(V )
and z ∈ p) as matrices by fixing a basis and taking the inner product given by
Proposition 1.8 we get:
Theorem 1.9. For every x ∈ p the polar orbitope Ox is a spectrahedron given as{
y ∈ p : maxλ(ϕx)Idimϕ − ϕy  0 for all fundamental representations ϕ of gC
}
.
Remark 1.10. The matrices ϕy in Theorem 1.9 might have nonreal entries but
there is an easy way to convert this representation of Ox into a representation with
real matrices of twice the size. Let S = {x ∈ Rn : A(x)  0}, where A(x) =
A0 + x1A1 + ...+ xnAn with hermitian matrices Ai. Then S is also given as
S =
{
x ∈ Rn :
(
Re(A(x)) Im(A(x))
−Im(A(x)) Re(A(x))
)
 0
}
.
Since every face of a spectrahedron is exposed, Theorem 1.9 implies that every
face of a polar orbitope is exposed. This fact was proved in a different way in
[2]. Theorem 1.9 is a generalization of the corresponding results in [9] about the
symmetric and skew symmetric Schur-Horn orbitopes and the Fan orbitope. The
setup in [9] is slightly different but the results are implied by Theorem 1.9.
Remark 1.11. Schur-Horn orbitopes: (1) In order to see how Theorem 1.9 gen-
eralizes [9] Thm. 3.4 for the symmetric Schur-Horn orbitope, we study the real
semisimple Lie algebra g = sln(R) = Matn(R) ∩ {tr = 0}. Decomposing g into the
skew symmetric and the symmetric part gives a Cartan decomposition. The special
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orthogonal group SO(n) acts on the symmetric matrices in sln(R) by conjugation
(adjoint representation). In [9] section 3.1 the orthogonal group O(n), acting by
conjugation on the set of real symmetric matrices Symn(R) (of any trace), is consid-
ered instead. LetM ∈ Symn(R) thenM0 :=M− tr(M)n In has trace 0 and the orbits
O(n) ·M0 and SO(n) ·M0 coincide. By Theorem 1.9 the orbitope conv(SO(n) ·M0)
is a spectrahedron. Since conv(O(n) ·M) is just a translation by tr(M)
n
In it is a
spectrahedron as well.
(2) Next we consider the Lie algebra g = son(C) as a real semisimple Lie algebra
with Cartan decomposition g = son(R)⊕ ison(R) (where i :=
√−1). Again SO(n)
is the acting group and acts on ison(R) by conjugation. The skewsymmetric Schur-
Horn orbitope is the convex hull of such an orbit. The authors of [9] consider the
group O(n) instead. If n is even it makes a difference whether the acting group is
SO(n) or O(n). But with a similar trick as for the Fan orbitope (next example),
by adding a 0 column and row, one can see that Theorem 1.9 implies [9] Theorem
3.15.
The semisimple Lie groups are locally direct products of simple Lie groups. There
exist complete tables of simple Lie groups and a lot of their properties are listed
(see e.g. [10] or [11]). We use these tables (and [5]) to discuss two examples in more
detail:
Example 1.12. Fan orbitope (see also [9] Section 4.3) : We take a look at the
real semisimple Lie algebra g = som,n = {X ∈ glm+n(R) : XT Im,n + Im,nX = 0},
where
Im,n :=
(
Im 0
0 −In
)
and m+ n ≥ 3. The Lie algebra som,n(R) may also be given as{(
A B
BT C
)
∈ glm+n(R) : A ∈ som(R), C ∈ son(R), B ∈Matm,n(R)
}
.
The involution θ : X 7→ −XT is a Cartan involution on som,n(R) and the corre-
sponding Cartan decomposition is
som,n(R) = k⊕ p =
{(
A 0
0 C
)
∈ som,n(R)
}
⊕
{(
0 B
BT 0
)
∈ som,n(R)
}
.
One choice for the maximal abelian subspace a of p is
a =
{(
0 D
DT 0
)
∈ som,n(R) : D ∈Matm,n(R), D = (dpq)p,q, dpq = 0 for p 6= q
}
.
The maximal compact subgroup of G is K = SO(m)×SO(n). The complexification
som,n(R)
C is isomorphic to som+n(C) via conjugation by
J =
(
iIm 0
0 In
)
, i.e. X =
(
A B
BT C
)
7→ JXJ−1 =
(
A iB
−iBT C
)
,
where i :=
√−1. What the fundamental representations of som+n(C) look like
depends on whether m+n is odd or even. In the odd case som+n(C) is of type Br,
where 2r + 1 = m + n. The fundamental representations are the exterior powers
ϕp =
∧p
ϕ1 : g
C −→ End(∧pCm+n) of the natural representation ϕ1 : gC −→
End(Cm+n),M 7→ (v 7→ Mv) for p = 1, ..., r − 1 and the spin representation ϕr.
The corresponding highest weights are given by L1 + ... + Lp for p ≤ r − 1 and
(L1 + ...+ Lr)/2, where
Lj : a −→ R,
(
0 D
DT 0
)
7→ (enj )TDemj
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maps to the j-th diagonal entry of D for j ≤ min(m,n) and maps to 0 for j >
min(m,n). So the maximal eigenvalue of a representation ϕp when evaluated in
an element x =
(
0 B
BT 0
) ∈ p is the sum (or in the case p = r half the sum) of the
p largest singular values of B (observe that B is not a square matrix, so all the
singular values will be achieved). Since the highest weight only differs by the factor
2, we can use the r-th exterior power instead of the spin representation. Assume
m > n and let s1 ≥ ... ≥ sn ≥ 0 be the singular values of B. Then the polar
orbitope Ox is given as{
y ∈ p : (s1 + ...+ sp)Idimϕp −
(∧p
ϕ1
)
y
 0 for all p = 1, ..., r
}
. (1.1)
In case n + m is even som+n(C) is of type Dr, where 2r = n + m. The first
r − 2 fundamental representations ϕ1, ..., ϕr−2 are again the exterior powers of the
natural representation. The two other fundamental representations ϕr−1, ϕr are
the halfspin representations. The highest weights of the halfspin representations
are (L1 + ... + Lr−1 − Lr)/2 and (L1 + ... + Lr)/2. The maximal eigenvalues of
the fundamental representations on p are again given as sums (and in one case a
difference) of the singular values of the B part. The spectrahedral representation
looks very similar to (1.1), but one has to differentiate between the exterior powers
and the halfspin representations.
In [9] the authors study the group O(n)×O(n) acting on Matn(R) by (g, h) ·B =
gBhT which comes down to the adjoint action (conjugation) of
(
g 0
0 h
)
on
(
0 B
BT 0
)
. For
every B ∈Matn(R) there exist g, h ∈ O(n) such that gBhT is diagonal, with entries
being the singular values of B (singular value decomposition). Let G = O(n)×O(n)
and H = SO(n) × SO(n), both groups act on Matn(R) via (g, h) · B = gBhT . If
B is regular, the orbits G ·B and H ·B are different. But we can embed Matn(R)
into Mat2n+1(R) via
B 7→ B0 :=

 0 0 B0 0 0
BT 0 0

 ∈ p ⊆ son+1,n ⊆ Mat2n+1(R),
where son+1,n = k ⊕ p as above. Let B,M ∈ Matn(R). We write CM :=
conv (G ·M) and OM0 := conv (K ·M0), where K := SO(n + 1) × SO(n) acts
on p by conjugation. Without loss of generality we assume that M is diagonal.
Using the embedding B 7→ B0, we claim that CM = OM0 ∩Matn(R).
Let B be in the orbit G ·M . Then B has the same singular values as M and B0
has the same eigenvalues as M0. Due to the 0-row/column B0 having the same
eigenvalue as M0 is equivalent to B0 ∈ K ·M0. So B ∈ OM0 ∩Matn(R) for every
B ∈ G ·M . Since OM0 ∩Matn(R) is convex we have CM ⊆ OM0 ∩Matn(R).
On the other hand let B0 ∈ OM0 ∩Matn(R). Then B0 is K-conjugate to an ele-
ment D0 ∈ OM0 ∩Matn(R), where D ∈ Matn(R) is diagonal ([7] Thm. 6.51 with
a as above). The matrices B0 and D0 have the same eigenvalues and by Kostant’s
convexity Theorem 1.5 we have D0 = P (D0) ∈ conv(W ·M0). The Weyl group W
acts on M0 by permuting and changing signs (due to the 0-row/column not just
even sign changes) of the diagonal entries of M . So W ·M0 ⊆ CM and we have
D0 ∈ conv(W ·M0) ⊆ CM . Since D0 and B0 have the same eigenvalues, D and B
have the same singular values, so B ∈ CM . We see that CM = OM0 ∩Matn(R) is
a spectrahedron.
Example 1.13. Next we consider the Lie algebra
g = sln+1(H) =
{(
A B
−B A
)
∈ gln+1(C) : A,B ∈ glm(C),Re(tr(A)) = 0
}
,
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where n + 1 = 2m ≥ 4 is an even integer. As Cartan involution we choose θ to
be the negative conjugate transpose, i.e. θ(X) = −XT . The resulting Cartan
decomposition is sln+1(H) = k⊕ p, where
k =
{(
A B
−B A
)
∈ sln+1(H) : A = −AT , B = BT
}
,
and
p =
{(
A B
−B A
)
∈ sln+1(H) : A = AT , tr(A) = 0, B = −BT
}
.
The real diagonal matrices
a =
{(
D 0
0 D
)
∈ gln+1(R) : tr(D) = 0, D = (dpq)p,q, dpq = 0 for p 6= q
}
.
form a maximal abelian subspace of p. The maximal compact subgroup K of G =
SLm(H) is the compact symplectic group Sp(m). The complexification of sln+1(H)
is sln+1(C). Its fundamental representations are the exterior powers ϕp =
∧p ϕ1
of the natural representation ϕ1, for p = 1, ..., n. Let x ∈ p then the eigenvalues
of (ϕi)x are just the sums of p eigenvalues of x. The Weyl group acts on a as
permutations of the diagonal entries ofD. Taking s1 ≥ ... ≥ sr to be the eigenvalues
of x (where r = n), we get representation (1.1) for Ox.
2. Correspondence of face orbits
We use the same notation as in section 1. The Lie group K acts on the set of
all faces of the polar orbitope Ox by k ·F = {Adk · y : y ∈ F}. Assuming x ∈ a (for
easier notation) another orbitope closely related to Ox is the momentum polytope
Πx := conv(W · x) = P (Ox) ⊆ a (see Thm. 1.5). The Weyl group W acts on a and
again by pointwise operation gives an action on the set of faces of Πx. The main
result in [2] was to give a bijection between the K-orbits of faces of Ox and the
W -orbits of faces of Πx. We will present a new proof for this correspondence. The
proof makes use of the fact that all the faces of Ox are exposed and of Kostant’s
convexity Theorem. It is partly based on the proof of Theorem 3.5 in [9].
Theorem 2.1. Let x ∈ a and let F ⊆ Ox be a face. Then we have:
(1) There exists k ∈ K such that f := P (k · F ) is a face of Πx.
(2) Let f and k be as in (1), then k · F = P−1(f) ∩ Ox and f = (k · F ) ∩ a.
(3) Let f ⊆ Πx be a face and σ ∈ W . Further let F := P−1(f) ∩ Ox and
F ′ := P−1(σf) ∩Ox, then there exists k ∈ K such that F ′ = k · F .
(4) Let f, f ′ ⊆ Πx be faces such that F := P−1(f)∩Ox and F ′ := P−1(f ′)∩Ox
satisfy F ′ = k ·F for some k ∈ K. Then f and f ′ are on the same W -orbit.
Let V be a finite dimensional vector space. We writeHl,α ⊆ V for the hyperplane
{x ∈ V : l(x) = α}, where l ∈ V ∗ and α ∈ R. A hyperplane Hl,α is a supporting
hyperplane of a convex set C ⊆ V if l(C) ≥ 0 and there exists c ∈ C such that
l(c) = 0. Let l ∈ a∗ and let a ∈ a such that l = 〈a, ·〉. Since a ⊆ p this also gives a
linear functional on p. In this way we will interpret the elements of a∗ as elements
in p∗
Remark 2.2. Let l ∈ a∗ and y ∈ p. Since P is the orthogonal projection onto a we
have l(y) = l(P (y)).
Proof. Without loss of generality we assume that F is a proper face.
(1) Since Ox is a spectrahedron F is exposed, so there exists a supporting hyper-
plane Hl,α of Ox with linear functional l ∈ p∗ and α ∈ R such that F = Ox ∩Hl,α.
Then there exists A ∈ p with l = 〈A, ·〉. Since every element in p is K-conjugate to
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an element in a there exists k ∈ K such that Adk ·A ∈ a. Then the linear functional
lk := 〈Adk ·A, ·〉 lies in a∗ as well as in p∗. Since the Killing form is Adk-invariant
we have F k := Ox ∩Hlk,α = k ·F . By Remark 2.2 we have lk(y) = lk(P (y)) for all
y ∈ p. So by Kostant’s convexity Theorem P (F k) = P (Ox ∩ Hlk,α) = Πx ∩Hlk,α
and since Πx ⊆ Ox and F k 6= ∅ the hyperplane Hlk,α is a supporting hyperplane
for Πx. So f := P (F
k) is a face of Πx.
(2) Clearly we have F k ⊆ P−1(f)∩Ox. On the other hand let y ∈ P−1(f) ∩Ox =
P−1(Πx∩Hl,α)∩Ox. By Remark 2.2 we have l(y) = l(P (y)) = α, so y ∈ Ox∩Hl,α =
F k. Using Lemma 1.6 we can see that the equality f = Πx∩Hl,α = Ox∩a∩Hl,α =
F k ∩ a holds.
(3) Let k ∈ NK(a) be a representative of σ (by definition W = NK(a)/ZK(a)).
Since Πx is a polytope f is an exposed face. Let f = Hl,α ∩ Πx and l(Πx) ≥ 0,
where l = 〈A, ·〉, A ∈ a. Define lk := 〈Adk · A, ·〉, then σf = Hlk,α ∩ Πx. We
conclude F ′ = Hlk,α ∩ Ox = k · (Hl,α ∩Ox) = k · F .
Before we move to proving (4) we prove the following lemma:
Lemma 2.3. Let f ⊆ Πx be a nonempty face and let y ∈ f, z ∈ Πx. Let y ∈ Πz,
then there exists σ ∈ W so that σz ∈ f .
Proof. We can assume that f is a proper face of Πx. So there is a supporting
hyperplane H ⊆ a of Πx such that f = Πx ∩ H . Since y ∈ Πz ∩ H and Πz ⊆ Πx
the hyperplane H is also a supporting hyperplane for Πz. So f
′ := Πz ∩H is a face
of Πz. The face f
′ contains a vertex z′ of Πz . So there is a σ ∈ W with σz = z′.
And we have z′ ∈ f ′ = Πz ∩H ⊆ Πx ∩H = f . 
(4) Let f = Hl,α ∩ Πx with l ∈ a∗ and α ∈ R. By Remark 2.2 we have F =
Hl,α ∩ Ox and using (2) we see that f = F ∩ a. Let z be in the relative interior
of f , i.e. z ∈ relint(f). Since f = F ∩ a we have z ∈ F , so Adk · z ∈ F ′ and
y := P (Adk ·z) ∈ f ′. By Kostant’s convexity Theorem (Thm. 1.5) we have y ∈ Πz .
By Lemma 2.3 there is a σ ∈ W with σz ∈ f ′. Since z ∈ relint(f) we have
σz ∈ relint(σf). So σf is the smallest face of Πx containing σz. Since σz ∈ f ′ we
see that σf ⊆ f ′ and dim(f) = dim(σf) ≤ dim f ′. We can use the same arguments
to show dim(f ′) ≤ dim(f) = dim(σf), so σf = f ′. 
Corollary 2.4. There is a bijection between the K-orbits of faces of Ox and the
W -orbits of faces of Πx. Let f be a face of Πx, then the bijection maps the W -orbit
represented by f to the K-orbit represented by P−1(f) ∩ Ox.
Proof. Theroem 2.1 gives an inverse mapping and shows that these mappings are
well defined. 
As an immediate consequence there exist only finitely many K-orbits of faces of
the polar orbitope Ox.
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